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SOME    EFFECTS    OF   THE    DISTRIBUTED   CAPACITY 
BETWEEN  INDUCTANCE  COILS  AND  THE  GROUND 

By  Gregory  Breit 


ABSTRACT 

It  is  well  known  that  the  effective  capacity  of  two  condensers  which  are  connected 

in  series  is  .~  '.  j:   if  Ci,  C2  are  tiie  capacities  of  the  two  condensers.     In  the  paper 

here  presented  it  is  shown  that  this  rule  does  not  always  hold,  and  it  is  found  that 
another  more  general  relation  is  true.  This  relation  depends  upon  the  method  of 
measuring  the  effective  capacity.  If  the  method  used  is  that  of  resonance  adjustment 
and  if  a  coil  symmetrical  as  to  its  two  terminals  is  used  in  the  resonance  experiment, 

then  it  is  shown  mathematically  and  verified  experimentally  that  ^.-^4!^  ^^  ^  linear 
function  of  ^^■ 


When  an  inductance  coil  is  used  in  electrical  circuits,  its  dis- 
tributed capacity  affects  its  behavior  in  various  ways.  Most  of 
these  are  due  to  the  capacity  between  various  parts  of  the  coil 
as  well  as  to  the  capacity  of  the  coil  to  ground.  The  two  are 
usually  indistinguishable.  Thus,  the  effective  capacity  of  a  coil 
depends  both  on  the  capacity  between  parts  of  the  coil  and  on  the 
capacity  of  parts  of  the  coil  to  ground.  The  same  is  true  for  the 
resistance.  There  appears  to  be  one  effect,  however,  which 
depends  on  the  effective  capacity  of  the  coil  to  ground,  primarily. 
This  effect  is  observed  when  two  condensers  connected  in  series 
are  connected  across  the  coil  terminals  and  when  the  common 
terminal  of  the  two  condensers  is  grounded. 

Let  Ci,  C2  be  the  capacities  of  the  two  condensers.     Vary  either 

Ci  or  C2  until  resonance  is  obtained.     If  the  coil  had  no  capacity 

C  C., 
to  ground,  resonance  would  be  obtained  whenever  ..^  \  J    had 

a  proper  value,  depending  on  the  frequency  and  on  the  inductance 
of  the  coil,  but  independent  of  the  particular  values  of  Cjand  Cj. 
If  the  coil  has  capacity  to  ground,  this  is  no  longer  true.  In 
this  case  another  more  complicated  relation  takes  the  place  of  the 
relation 


€^^€., 


=  const. 


The  nature  of  this  relation  may  be  found  by  representing  the 
distributed  capacity  to  ground  by  a  series  of  capacities,  as  in 
Fig.  I.  The  whole  coil  is  here  divided  into  n  sections,  and  the 
capacity  of  each  to  ground  is  represented  by  a  lumped  capacity 


61230°— 22 


521 


522 


Scientific  Papers  of  the  Bureau  of  Standards 


[Vol.  17 


at  its  end,  as  e.  g.,  by  C^.  The  line  GH  represents  the  ground. 
The  inductances  of  the  various  sections  are  written,  respectively, 
as  Li,  L2,  •  •  •  Ln.  The  resistances  of  the  same  sections  are 
denoted  by  R^,  R^,  ■  •  ■  Rn.  The  emfs  induced  in  the  sections 
are  written  as  £16^"*,  E^e^"*,  •  •  •  Ene^"',  where  Ei,  E^  ■  ■  • 
En  are  supposed  to  be  independent  of  the  time,  where  e  is  the  base 
of  natural  logarithms  and  where  ;  =  -;/  — i.  It  is  imderstood  in 
writing  the  emfs  in  the  complex  form  just  used  that  the  real 
part  of  the  complex  quantity  written  is  considered  only,  and 
that  in  all  the  equations  that  follow  the  real  part  only  of  both  sides 
will  be  considered.  The  mutual  inductance  between  the  sections 
having  inductances  L^,  L^  will  be  written  M12  and  a  similar  notation 
will  be  used  for  all  other  sections. 


If    -J 


Ih-,  - 1> 


nmmmum^mm 


i: 


r; 


I^ 


n-i 


U 
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H 


1; 


n.-t'i 


FlG.  I. — Equivalent  circuit  for  coil  and  its  distributed  capacity  to  ground 

The  currents  in  L^,  L^,  •   ••  Ln  are  written 
7,eJ"S  726^"*,  •   •   •  /ne^"* 
The  currents  in  Cj,  Cj,  •  •  •  Cn+i  are  written  as 

Kirchhoff 's  laws,  when  applied  to  the  network  of  Fig.  i ,  give 


1   n  "T  ■»  n-i  —  J-n 
In—  ~J   n+i 


(1) 


Breii]  Capacity  to  Ground 

and  also 

f  {L^u  +  R,)I,  +  M.^juU  +  M„;w/3  +   • 
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jC^O)         jCyO) 


+  M,j0}In 


JC30}    JC20}    ^' 


Mnjojil  + 


+  {UJ0)  +  Rn)h 


(2) 


7'  /' 


or  using  (1) 

(ljo,  +  /?.  +  ^^^-  +  ^^^-)7,  +  (M.3;a,  -  ^^^)/,  +  M,3;co/3 
+   •   ■    •    +M.„;a)/„=E, 

4-(M„yw--:-^y3+   •   •   ■    +M,„;w/n=E3 

« 

M„JW7,+      •      •      •       +^Mn,n-,yW-r^  Vn-l 

+  (UJW  +  Rn  +  ^^  +  -^-T^—   Vn  =En 

Resonance  occurs  when  the  determinant  of  this  system  of  equa- 
tions vanishes,  provided  in  that  determinant  all  the  resistances  are 
set  equal  to  zero.  This  is  only  approximately  true,  but  is  a  good 
approximation  if  the  resistances  are  small,  because  for  small 
values  of  the  resistances  the  position  of  resonance  is  independent 
of  the  resistances.     Thus,  the  condition  for  resonance  is 


^'-fe^r-3i'^"+c!z;i'      ^"• 


M.„ 


M„  + 


M,. 
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As  an  equation  in  C^  and  Cn+i  it  has  the  form 
A       B  D         ^     ^ 

L  J        U  n+i       L  1 C  n+i 


IVol.  17 


(3) 


In  particular,  if  the  surroundings  of  the  coil  are  symmetrical  with 
respect  to  the  two  ends 

A=B, 

and  hence, 

n  /^  /- 

(4) 


Fig.  2. — Equivalent  circuit  for  coil,  its  self -capacity,   and  its  distri- 
buted capacity   to  ground 


Therefore,  if  for  different  values  of  C^  proper  values  of  Cn+i  be 

C  C 
found  so  as  to  secure  resonance,  and  if       \J^^^    be  calculated, 

L  1  +  C  n+i 

a  constant  number  will  not  be  obtained.     However,  if  its  value  be 
plotted  against  the  value  of 

I 

C  1  +  C  n+1 

a  straight  line  must  result  according  to  (4) . 
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Fig.  3. — Observed  results  for  ■variation  of  j"'  ^   vnth ? — 


Fig.  4. — Observed  results  for  variation  of   ^'  ^^    with  L_ 
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Curves  given  as  ia,  ib,  ic,  id,  ie  (Figs.  3,  4,  5,  and  6)  give 

experimentally   obtained  graphs  of       ^  —    against  -^^~^K 

The  graphs  are  seen  to  be  nearly  straight  except  at  the  ends, 


Fig.  5. — Observed  results  for  variation  of   *^'  ^    with        ^ 

C:+C2  C1+C2 

where  they  have  a  bend.     This  bend  is  probably  due  to  a  dissym- 
metry in  the  surroundings. 

By  similar  reasoning  it  is  found  that  a  relation  of  the  form  (3) 
is  satisfied  also  for  the  more  general  circuit  shown  in  Fig.  2, 
provided  Co  and  L  are  kept  constant. 


flUM 


Fig.  6. — Observed  results  for  variation  of 


with 


C1+C2   ""■"  C1+C2 

This  seems  to  indicate  that  the  curvature  of  the  graphs  observed 
is  due  to  dissymmetry  in  the  surroimdings,  because  distributed 
capacity  effects  between  different  parts  of  the  coil  are  probably 
taken  account  of  by  the  above-mentioned  calculation. 
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SUMMARY 

When  two  condensers  connected  in  series  with  common  terminal 
grounded  are  connected  across  the  terminals  of  an  inductance  coil, 
their  effective  capacity  in  series  is  not  equal  to  their  effective 
capacity  so  far  as  resonance  of  the  coil  is  concerned.  If  the 
capacity  of  one  condenser  is  C^  and  of  the  other  Cj,  the  quantity 

is  the  effective  capacity  of  the  two  condensers  in  series.     As  stated, 
it  does  not  stay  constant  when  C^  is  changed  arbitrarily  and  €-2 

is  readjusted  for  resonance.     However,  ^      ^    is  linearly  related 
to 


Washington,  May  6,  1921. 


